Adaptive Scale-Invariant Online Algorithms for Learning Linear Models

A. Bound for Online Gradient Descent with Per-Dimension Learning Rates

We remind the update of OGD with per-dimension learning rates:
Wit1,5 = Wi — 1N Vi, i=1,...,d,
with w; = 0. For any u; € R, we have:
(w; — wiy1)? — (u; —we ) = (wi — wiei +miViei)? — (ug —we ) = 20,V (u; — we i) + vafz

Summing over trials ¢ = 1, ..., T and rearranging:

T
;Y Viilwei —wi) = uf — (u; — wry1,:)? +n; Z Vii

Dividing by 2n;, upper bounding and summing over: = 1,...,d:

d
th wy — u) §Z<2m Uzzth).

t=1

Finally, using (3) shows that the right-hand side of the above upper bounds the regret.

B. Scale Invariance of Algorithm 1 and Algorithm 2

Let {(x,y:)}7_, be a data sequence and define a transformed sequence {(Ax;, )}, where A = diag(ay, ..., aq)
with ay, ..., aq > 0. We will show that the sequence of predictions 71, . . ., yr generated by the algorithms on the original
and the transformed data sequences are the same. This can easily be done inductively: assuming %7, . .., §; are the same on
both sequences, this implies g, . .., g; are also the same (as g, = 0y, £(yt, 4t ), while y; are the same in both sequences).
Given that, a closer inspection of the algorithms lets us determine the behavior of all maintained statistics under the feature
transformation x; ; — a;xy ;.

For both algorithms we have:

2 2 2 @2
M;; = f?gii |£ng| = a; My g, St,i = E (gjxjﬁi) = ay Sm-, Gii = — § giTji a;Gy i,
B J<t j<t

This means that for Algorithm 1:
-1
Bii = Pris O 0i, Wi a; Wi,

so that x; ;w; ; — @y ;wy; and thus gy = :ctth is invariant under the scale transformation.

Similarly, for Algorithm 2 we have:
-1
Nei = ey Oia = O, Wi = a; Wy,

and the scale invariance follows.

C. Proof of Theorem 3.1

Before proving the theorem, we need two auxiliary results:

Lemma C.1. Let f(z) = « (e'”’V'y — |z|/y = 1) with o,y > 0. Its Fenchel conjugate is given by:

£ (w) < supfur — f(x))

(luly + @) In(1 + |uly/e) = [uly
luly In(1 + [uly/a).

(6)

IN
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Proof. Note that since f(x) is symmetric in z,
sup{uz — f(x)} = sup{Julz — f(x)}

:sup{|u|xfa(e“"/77x/771> } )

x>0

g(x)
Setting the derivative of g(x) to zero gives its unconstrained maximizer * = v In(1 + |u|y/«), and since z* > 0, it is also
the maximizer of g(z) under constraint z > 0. Thus:
fr(u) = g(z") = (luly + a)yIn(1 + |uly/e) — |uly.
The inequality in the lemma follows from an elementary inequality In(1 + z) < x applied to aIn(1 + |u|y/a). O
Lemma C.2. Foranyv € Rand any q € [-1,1]:

lv—gq|

qsign(v) (e% — 1) + e2Vit+d® — 7|v — 4l < L;)| +¢°.

2 2y/1+¢%

Proof. 1t suffices to prove the lemma for v > 0. Indeed, the inequality holds for some v > 0 and g € [—1, 1] if and only if it
holds for —v and —q. Denote:

~_ |v—gd
V= —.
V1+¢?

In this notation and with the assumption v > 0, the inequality translates to:

i U _ g\ v—q o
V< 2177)7 8
T =e ( 2 5 T4 ®)

We will split the proof into three sub-cases: (i) ¢ > v, (i) ¢ < v < 3, and (iii) v > 3. Since ¢ < 1, these cases cover all
allowed values of v and q.

Case (i): ¢ > v. Wehave v = qur” — < ¢ — v. Since the function e” — z is increasing in x for z € (1, 00), it holds:
q
5 U a—v  q— v og=20 @ —U
e2 ——<e 2 — = e2 2 — .
2~ 2 2

From ¢ < 1 and v > 0 it follows % < % < % Since function f(z) = e$;§—1 is nondecreasing in z (see, e.g.,
(Cesa-Bianchi & Lugosi, 2006), Section A.1.2), we have:

12 _1/2 -1
ex—x—lng%gO.ze for z < —. 9)
1/4

N | =

Thus, we bound e “=" by 1 + 42Y 1 0.15(¢ — 2v)? and get:

v _2 - v
<e2<L%q2”)—q2”+01&2@—2m2

_ (1 - 2) 9 4 (eF —1)(g— v) + 0.15¢% (g — 20)?

2 2
v — 1
SGE (17%)*1227(14"0((]71))4‘1((]*21})2,

where the last inequality follows from the fact that v < 1 (as ¢ > v and ¢ < 1), which by (9) implies ez <1+ % + 0.6% =

14+ 0.50 +0.150% < 1+ v, and furthermore 0.15¢3 < 0.15¢2 < 1. Butv(g—v) + (g —2v)* = 1¢* < ¢?, which proves
(8) for ¢ > v.
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Case (ii): ¢ <v < 3. Wehave v = ——L < v — ¢, and by the monotonicity of function e* — z for z € (1, 0c0):

N

eg—gge%—v;qze%e_%—vgq.
Using (9) and ¢ > —1, we bound e~%/2 < 1 — £ 4 0.15¢ to get:
U v q v—q v o9
5 —<ed 1—7>— 0.15¢% ¢%.
9= ( 2 g T Uheerd
Using 0.15ez < 0.15¢3 < 0.68 < 1 proves (8) forg < v < 3.
Case (iii): v > 3. We lower-bound the right-hand side of (8):
7 7
v Q) v—q 2 g( Q) V—4q— -5 l(v_q_qﬁ) UV—4q— 5
2 (1 — =) — >S>ez ([1l— =) — —— 2 > e2 ) .~ &
¢ ( 2 p tr=c 2 2 = 2

where the first inequality is simply from q2 > %, while the second follows from 1 — z > e for < % (see, .e.g.,
(Cesa-Bianchi & Lugosi, 2006), Lemma 2.4). Now, using the monotonicity of function e” — z,

2

2 -4

2 _v-a-%
9 =

[SEH

e
— v—q—EZi?,

NN ISH

thus it suffices to show the latter to finish the proof. We have:

GRS IS S B A SR RN S
e A I WV e A

Using elementary inequality v/1 + 2 < 1+ £, we have: \/11+q2 - \{f;? < 1;?(1 /2 and thus:
v—g-L 7> (6-9) (1—11++q2£2 - =e-0f -0
:q2<3—q _1) 2q2(3_1_1> - 0.
2 \1+4¢? 2 \1+1
This shows that v — g — % > v and thus proves (9) for v > 3. O
Before we state the next result, we summarize the notation which will be used in what follows. For any ¢ = 1, ..., d and any

t=1,...,T,let
My = max @il Gri==> giwie  Spi= Y (95m50)%

J<t J<t

be, respectively, the maximum input value, the negative cumulative gradient, and the sum of squared gradients at ¢-th
coordinate up to (and including) trial ¢, and we also denote My ; = Go,; = S&i = 0. Moreover, define:

j S?—l 7+JV1127
By, =4 ™ {@:—u,GT when z,; # 0,
K Vi
Br—1,i when z;; =0,

2

with 31 ; = e. The weight vector at trial ¢ is given by:

G |1Ge—1,il

Wy = ﬁt,isgn( tfl,i) <62~/S?1,i+M?,z . 1) 7 (10)
24/ SE 1+ MZ

as long as M, ; > 0; if M;,; = 0 (which means that z; ; = 0 for all j < t), we set wy; = 0, but any other value of w;

would lead to the same loss. Finally, define 57, = S7, + M7,.
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Lemma C.3. Define:

Z/Jt,z'(l") =

t,i

0 for S*t,izo.
Foranyi=1,...,dandanyt =1,...,T we have:

{ B,i (€|x\/(25”,,,,3) - 2'% - 1) for Sy #0,

€
Wi gtTei < Yi—1,i(Gio1i) — Yi(Gry) + 7

Proof. Fixi € {1,...,d}, and let 7; be the first trial ¢ such that z; ; # 0. This means that St,i =2a24; =0forallt <7,
and the inequality is trivially satisfied for any ¢ < 7;, as the left-hand side is zero, while the right-hand side is ¢/¢. Thus,
assume t > ;.

Fix t and define v = Grevii

gt lge@e,il [24,4 |
——=t__gndg = ——2=_ As < 2 < - < 1, we can apply Lemma C.2
S, +MZ, q 52, +MZ, lal < My = maxj< |zl = 7 PPy

to such v and ¢, which, after subtracting 1 and multiplying by 3; ; on both sides, gives:

v lv—al B
ﬂt»i&n(v) (6%*1)+5t,¢ 62\/1+(1Tfuil
2 2¢/1+ ¢?

vl v
< B (6 2 — L2| - 1) + 5t,iq2- (11)
Using the definition of the weight vector (10) we identify the first term on the left-hand side of (11):

q sgn(v v
ﬁt,igT() (6‘ 172 _ 1) = WGt Tt

Next, since:
G G

)

Gi—1,i — Gt _v—g

_ ti _ _
St \/Sth + MEZ \/St2—1,i + MtQZ + (ge.)? VIt QP

the second term on the left-hand side of (11) is equal to ), ;(G ;). Thus, (11) can be rewritten as:

Lol v
Wi Gt Le,q + ¢t,i(Gt,i) < B (e 7 — % _ ) + ﬁt,iq2,
and to finish the proof, it suffices to show that the two terms on the right-hand side are upper bounded, respectively, by
Yi—1,i(Gy-1,) and §.
To bound f3; ;¢ note that if x4 ; = 0 then f3; ;¢ = 0, whereas if 2, ; # 0 then by the definition of 3, ;:

(ge1,4)? < Sirit Mis (giaea)? <ﬁ

ﬁt,‘(f = Bi S € =
' ! St271,i + Mt21 x?,it SthL,i + Mt21 t

€
< -.
-t

To bound ﬁt,i(e‘vw —|v|/2 — 1) by ¥, —1,:(G1_1,;) note that both are zero if t = 7; (because G,_1,; = 0 and v = 0). On
the other hand, for ¢ > 7; we have:

|Gi—1.4] |Gi—1, _ |Gi—1.,4]

v = < . :
\/StQ—lﬂ' + Mtz,z \/St2—1,z' + Mt2—1,¢ St—1,

and by the monotonicity of f(z) = e* —x — 1:

‘GAtfl,i\ G, i
Bri(el"2 —|v|/2 = 1) < Bis (6 -1 — |2gt71 - 1) < t1,i(Gi1,4)s
=1,

where in the last inequality we used 5;; < f;_1 ; (which follows from the definition) and the fact that e® — x — 1 > 0 for
all x. O]
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We are now ready to prove Theorem 3.1, which we restate here for convenience:

Theorem. For any u € R the regret of ScInOL; is upper-bounded by:

U

d
Z(2|ul|STlln1—|—2|ul|STZe )+61+lnT> Z (Jus|87.2),

where §T7i =4 /S%, ,+ M% ; and O() hides the constants and logarithmic factors.

Proof. Applying Lemma (C.3) for a fixed ¢ € {1,...,d} andallt = 1,...,T, and summing over trials gives:

T

Zwt gt g S le GT’L Z

t=1 t=1

!

7:(Gr:) +€(1+1InT),

@Hm

where we used 1 ;(Go ;) = 0. By (3),

T d /T
u) < thmj(wt —u) = Z <Z gty w5 + GT,i“i)
t=1 i=1 \t=1
d

< Z (Griu; — Yri(Gr,i)) + de (1 +In(T))

i=1
d
< sup {zu; — Yri(2)} + de (1+ In(T))
i=1 ¢
d
<3 2wl 87, In (1 n Q\ui\STﬂ-/ﬁT,i) +de (1 +In(T)),
i=1
where in the last inequality we used Lemma C.1 for each ¢ with « = 8p; and v = 2§T’i. To finish the proof, it suffices

to show that B ; > 7> which we do by induction on ¢t. For t = 1 we have by the definition 3; ; = e. Now, assume
Bt-1,i = 77, and we will show B, ; > 1. If 24, = 0, By = Br—1, = 7= ,if x4 ; # 0, from the

definition of /3, ;:
St i+ M € a7 €
= min ,e——5——" % > min JE—— o = —,
P {ﬁt b @t = t—1 af bt

where we used S7_; ; + M2, > Mf = max;<¢ $2 > a7, =

D. Proof of Theorem 3.2

Similarly as in the previous section, we proceed the proof of the theorem with several auxiliary results. Define:

122 for |z| <1
— 2 —_
hiz) = { |lz| — 4 for |z| > 1 (12)

(see Figure 3). Note that h(z) = h(|x|), and h(|z|) is monotonic in |x|. Moreover, for all z € R:

2| — 5 < h(z) < 13)

N |
N)\»—A

The lower bound in (13) is clearly satisfied for || < 1, while for [z| < 1 we have h(z)—(|z|— 1) = 3(|z|—1)? > 0. On the
other hand, the upper bound in (13) is clearly satisfied for || < 1, while for [z| > 1 we have h(z)— 322 = —%(|z|—1)% < 0.
fx

Lemma D.1. Let f(x) = ae!®//7 with o,y > 0. Its Fenchel conjugate f*(u) = sup,{ux — f(z)} satisfies f*(u) <

|u|y(In(|u|y/a) — 1) for all w.
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2

Figure 3. Function h(x)

Proof. Since f(x) is symmetric in z, sup, {uz — f(z)} = sup,>o{|ulr — f(2)} = sup,>q g(x), where g(z) = |u[z —
ae®/7, Setting the derivative of g(z) to zero gives its unconstrained maximizer z* = ~1In(|u|y/a), for which g(z*) =
|u|y(In(|uly/a) — 1). The proof is finished by noticing that sup,~q g(x) < sup,cg g(x) = g(z*). O

Lemma D.2. Forany v € Rand any q € [—1,1]:

1 v—q 1 1, 1 .
— - — - — <1 - -
exp{Qh (1 +q2) 2h(v) 54 } <1 54 sgn(v) min{|v|, 1}

Proof. 1t suffices to prove the lemma for v > 0. Indeed, the inequality holds for some v > 0 and g € [—1, 1] if and only if it
holds for —v and —q. Denote:
~_ Jv—gq|

v_iﬁ_qu.

In this notation and with the assumption v > 0, the inequality translates to:
ez (h(®—h(v)=¢") <1- %qmin{v, 1}. (14)
To prove (14), it suffices to show that:
h(v) — h(v) — ¢* < —gmin{v, 1} — %(q min{v, 1})? (15)

because (15) together with ¢ < 1 and inequality P <1l-—zaforzx < % (see, e.g., (Cesa-Bianchi & Lugosi, 2006),
Section A.1.2) implies (14).

We will split the proof of (15) into three sub-cases: (i) v < 1, (ii)) v > landv > 1, (ili) v > 1 and v < 1.
Case (i): v < 1. From the definition, h(v) = %02 and by (13) we upper bound h(v) < %172 Using ¥ < |v — ¢| we have:

12 122
Za2 < —pg — =
2q_ vq 2UQa

Lo

_ 1, 1 1
h(@) = h(v) = ¢* < 57° = 50" = < S (v =) = Jv* =" = —vg -

=2 2 2
and since min{v, 1} = v, this implies (15).
Case (ii): v > land v > 1. Asq <1 <w, wehave |v — ¢q| = v — ¢, and by the definition, h(v) = v — 1 h(v) =v —

2,
Therefore:
h@) —h(v) — P =T—v—¢* <v—qg—v—¢* < —q—¢*/2,

where in the first inequality we used ¥ < |v — ¢| = v — ¢. As min{v, 1} = 1, this implies (15).
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Case (iii): v > 1and v < 1. We have:

2
u<1 <= v2—2vq—1§0 — v<qg++1+¢2%,

1<l «<—
v 1+q2 S

where the last equivalence follows from solving a quadratic inequality with respect to v > 1 for fixed ¢. We now note that
function:

o(0) = h(#) ~h(w) —? = 27— (v 1) —?= LV g2 ]

2 2 2(14¢?) 2
is convex in v and hence it is maximized at the boundaries {1, ¢ + /1 + ¢?} of the allowed range of v. When v = 1, we
have: ( 2
1—gq o 1 1 5 o 1 1,
=" —1- - < —(1- —q¢-—=—=—q— =
g(v) 20+ ) ¢ +5<50-9" -0 —3 ¢— 54

whereas if v = ¢ + /1 + ¢2, we have

1 1 1
9(v) = 5 - (q+\/1+q2) 5 <0 < —q— 5,
so that g(v) < —g — 3¢ in the entire range of allowed values of v. As min{v, 1} = 1, this implies (15). O
Before stating further results, we summarize the notation: fori =1,...,dandt =1,...,T,
M = Djﬂgf lzjil,  Gri=~— Zgjxj,ia Sﬁi = Z(gjﬂﬁj,i)Qy Nei = €— thxt,iwt,i7
J<t <t j<t

with the convention Mo ; = Go; = S§; = 0 and 759,; = €. As before, we also use S”fl = 57, + M}?,. The weight vector at
trial ¢ is given by:
. |Ge—1,4]
sgn(Gy_1,;) min {m, 1}

Nt—1,i
2\/5371,2‘ + M},

(16)

Wy =

as long as M, ; > 0;if M, ; = 0, we set w,; ; = 0.
Lemma D.3. Define:

lp(== .
’ll)t_’i(x) = 62 (St'i) for ‘SA’t,i 7é Oa
1 for Si; =0,
with h(-) defined in (12). Forany i = 1,...,d, let T; be the first trial in which x, ; # 0. We have for any =1,...,d and

anyt =T;,...,T:
Me,i Vri(Gei) s,
> e t,i
Ne—1i  Ye—1,i(Ge—1,i) ’

(tht,z‘)Q

where 6, ; = ST

o ) _ Gi_1,i _ gtZt,i |gtxs,i
Proof. Fixiandt > 7;, and define v = GayEsTES and ¢ = T As gl < e < 1, we can apply Lemma
D.2 to such v and ¢, which gives:
1 v— _1 _ 1,2 1
h(i5E)-1he) -4 g Sasgn(v) min{fo], 1} a7

Using the definition of weight vector (16), we identify the right-hand side of (17) with 1 — 262268 — i Gince 1¢% =

MNt—1,i MNt—1,4

8¢ ; and CS“ = \/”% (see the proof of Lemma C.3), we also identify the left-hand side of (17) with t); ;(Gy ;e 2h(?)e=001,
t,i q

Hence, (17) can be rewritten as:

i Yei(Gri) s,

M1, e3h®) ’
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and thus to prove the lemma, it suffices to show:
eV <y 4 (Goovy). (18)

When ¢t = 7;, we have v = 0 as well as G;_; ; = 0, and (18) holds as its both sides are equal to 1. For ¢t > 7;, (18) reduces
to h(v) < h(Gt_l,i/S't_l,i), which holds because:

|’U| _ |Gt71,i| S ‘thl,i ” 7
\/Sf—l,i + M, \/Sf_u +M2 ., St

|Gl

and h(x) = h(|x|) is monotonic in |z|. O

We are now ready to prove Theorem 3.2, which we restate here for convenience:

Theorem. For any u € R the regret of ScInOLy is upper-bounded by:

d
Ry(u) < de + Y 20u|Sr, <ln(3|ui|5‘%i€*1 Ja2 ) — 1) :

=1

where §T7i = \/mand 7; = min{t: |9Ct,z“ # 0}

Proof. Fixingi € {1,...,d}, applying Lemma (C.3) for t = 7;, ..., T, and multiplying over trials gives:

nri Y1 (Gri) o~
Nrie1i  Vri—1,i(Gri—14) ’

where we denoted Ar; = ZtT:n dt,;. From the definition of 7;, we have n,,_;; = eand ¢,,_; ;, = 1. Using nr; =
€ = D y<r GtTt,iW,; We get:

T

—Ar; —Ari+|Grl/(287,:)—
E gt iwe; < € — er i (Gry)e 271 < e — ee” ATt/ 25—
t=1

where we used (12) to bound h(z) > |z| — 3. By (3),

T T
Rr(u) <Y gif (w, —u) = (Z GiTt,iWe,i + G:niui)
=1

i=1 \t=1
d
<de+ Z (GT,iui - ee‘ATﬂ'_ie‘G“'/(QST*"))

=1

d
<de+ Z sup {xul - ee‘AT”‘_%elx‘/@ST"")}
i=1 7

d
<de+ Z 2|ui\§T7i (111 (2671IUi|ST7i€%+AT,i) _ 1) ,

=1

AT,

where in the last inequality we used Lemma D.1 for each ¢ with v = ee™ ~% and v = 2S'T,i. We will now show that

52,
Ar, <ln< ;) (19)
x‘l'i,i

which, together with 2¢!/4 < 3 will finish the proof. To prove (19), we use M2, > a7, > (gi1,:)* =S¢, — S ; to get:

5= (gewe,i)? < (gext,i)? < (gewei)? (Mtzz + Stz,i) - (Mth + 515271,2‘)
i = < < = )
287, + M) — SPy +2ME; TSP 4+ ME, S7,+ MZ,
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Using “T_b < 1In ¢ forany a > b > 0 (which follows from the concavity of the logarithm):

M?; + 8%, “n M2, + 57,

(5,51' <In
RS 3 7 = ) 7
Mg+ S5 1, M, + 55 4,

where for ¢t = T, we define Mrp4q ; = M7 ;. Summing the above over trials t = 7;,...,T"

T 2 2 2 2 &2
A Z 5 <n Mpyy;+ 57 In Mz, +57; In St
T = ti S = G =,
t=7; MTi;i + STi_Li Ti st Ti st
which was to be shown. O

E. Datasets

MNIST dataset is available at Yann Lecun’s page. All other datasets are availableat the UCI repository. Scale is computed
as a ratio of highest to lowest positive Lo norms of features.

| Name | features | records | classes | scale \
Bank 53 41188 2 6.05E+05
Census 381 299285 | 2 1.81E+06
Covertype | 54 581012 | 7 1.31E+06
Madelon 500 2600 2 1.09E+00
MNIST 728 70000 10 5.83E+03
Shuttle 9 58000 7 7.46E+00

Table 2. Short summary of datasets

F. Experiment: Classification Accuracy Plots

MNIST Bank (UCI) Census (UCI)

09251 2

0.950

0.900

°
©
2
&

0.875

+— AdaGrad
—+— Adam : —+— Adam

+— AdaGrad
0.89 0.940

accuracy
accuracy
accuracy

0.850

—e— CoCob —»— CoCob
—=— NAG —= NAG
—— Alg1-K17 0.88{ —— Algl-K17 0935 | AoLK17
0825 ScinOL 1 ScinoL 1 : ScinoL 1
—+— ScinOL 2 —+ ScinoL 2 —+ ScinOL 2
4 SGD —— SGD —+ 5GD
0.87
500000 1000000 1500000 50000 100000 150000 200000 250000 500000 1000000 1500000 2000000
# iterations # iterations # iterations
Covertype (UCI) Shuttle (UCI) Madelon (UCI)

+~ AdaGrad

—— AlgLK17
094 ScinoL 1
~¥ ScnoL 2

+— AdaGrad

accuracy

0.90

—=— NAG

055 —— AlglK17

—— AlgLK17

SclnoL 1 ScinoL 1
—v— ScinoL 2 0.88 —v— ScinOL 2
0.50 ) )
1000000 2000000 3000000 200000 400000 600000 20000 40000 60000 80000 100000 120000
# iterations # iterations # iterations

Figure 4. Accuracy results for linear classification experiments.
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G. Multivariate Predictions

For simplicity, in the paper we focus on loss functions defined for real-valued predictions § € R. Sometimes, however, it is
natural to consider a setup of multivariate predictions g € R¥. For instance, the multinomial logistic loss (cross-entropy
loss) is defined for y € {1,..., K} as:

K
Zl kEllnoy(y) = -y, +1n <Z€y">,

k=1

A~ Uk .
where 04, (y) = =% is the soft-max transform.
j=1¢

We assume the multivariate losses ¢;(y) = £(y:, y) are convex and L-Lipschitz in the sense that the max-norm of subgradient
V/{;(y) for any g is bounded, ||V4(Y)]|co < L (which is satisfied with L = 1 by the multinomial logistic loss). We

consider the class of comparators which are parameterized by U € R4*¥ a d x K parameter matrix, and the regret of the
algorithms against U for a sequence of data {(x;,y;)}]_; is defined as:

T T
U)=> () Z 06U xy).

Consider an algorithm which at trial ¢ predicts with a weight matrix W; € R¥>*K g, = W, x;. Using the convexity of the
loss, for any g, 9’ and any ¢ we have £,(y’) > ¢,(9) + VL, (9) " (' — ). Denoting V4;(g:) by g = (9.1, - - -, gt i) With
gix € [—L,L]forall k = 1,..., K, and using the bound above with g = g, = W,  z, and ' = U " x; we have:

The regret decouples into a sum over individual coordinates and dimensions of the prediction vector, and the extension
of our algorithms is now straightforward (see Algorithm (3) and (4) below). Also, the analysis can be carried out in full
analogy to the univariate loss case resulting in the following bounds (for L = 1):

Theorem G.1. For any U € RYK the regret of ScInOL; is upper-bounded by:

K
< Z Z (2|Ui,k|gT;i,k 111(1 + 2|U7;7k|S'T;i,k671T) + 6(1 + In T))
i=1 k=1
where S'T;Lk = S’%;Lk + M%7
Theorem G.2. For any U € RYK the regret of ScInOLy is upper-bounded by:

d K
Rr(U) < dKe+ >3 2UinlSri (1n(3|Ui,k|S’%;i}ke_1 fa2 ) — 1)
1=1 k=1

where SVT;M =, /S%;“€ + M%z and T; = min{t: |z ;| # 0}.
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Algorithm 3: ScInOL, (¢) for multivariate losses

Initialization : 3., ., Go,i.k, Mo < 0, Bosik <€ (i=1,....d; k=1,...,K)
fort=1,...,Tdo
Receive x; € R?
fori=1,...,ddo
Mt;i <— HlaX{Mt_l;i, |It,i|}
fork=1,...,Kdo
B < min{Be—iin, €(S7_y, 0 + M)/ (271)}
Wik = —ﬂm’ssg’n(a“f’“; (e\Gm,klﬂ _ 1), where 0y.; 1, = 7%9;?1&\43
Predict with 5, = W,  x;, receive loss ¢;(¥;) and compute g; = \RACT)
fori=1,...,ddo
fork=1,..., K do
Gk < Gtk — Ge.kTt,
Stz;i,k — Stz—l;i,k + (ge,1e,:)?

Algorithm 4: ScInOL5(¢) for multivariate losses

Initialization : 53, ., Go.i .k, Mo < 0,m0ik <€ (i =1,...,d; k=1,...,K)
fort=1,...,T do
Receive x; € R?
fori=1,...,ddo
My < max{M;_1;, |z¢4]}
fork=1,...,Kdo
o sgn(fsi,k) min{|0s k], 1} Gi—15i.k
Wik = =5 5 0L, AT
Predict with 5, = W," x;, receive loss ¢;(¥;) and compute g; = V.l (Yr)
fori=1,...,ddo
fork=1,...,K do
Geik < Gtk — Ge.kTt,
2 2 2
Stik < Si—vag T (9ere,)
NMtsiyk < Mt—130,k — 9t,kTt,iWt ik

Mi—1:4,k> where 0y.; 1, =




