An Implicit Form of Krasulina's k-PCA
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Implicit vs. Explicit Update Implicit Krasulina Update

Gradient descent is motivated by

0+11 = argmin (1/277 10 — 0|7 —I-IOSS(G)) C™" = argmin 1/2 (1/77 |C - C||§ +E|
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1nertia

Without the orthonormality constraint
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Approximating éTy with CTy yields the (partially)
Implicit Krasulina (a.k.a. Sanger) update:

The actual minimizer of inertia + loss

0,01 =0, — nVloss(0;41) (implicit update)

Commonly approximated by the old gradient

0:11 ~ 0; — nVloss(0;)

(explicit update) - No QR-step, needs to keep track of CT instead

_ - o - Has an online EM interpretation! (see [1])
Most of Machine Learning is explicit!

k-PCA Loss Results

Online k-PCA

Centered PCA - MNIST (k=10)
(J

k-PCA: Given zero mean random variable y € R?
Find the (d x d) projection matrix P of rank-k s.t.

leomp(P) = E[||Py — y|I?] = tr((Ia — P)

> £ (P) =

IS minimized.

Centered PCA - MNIST (k=5) Centered PCA - MNIST (k=20)
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Centered PCA - MNIST (k=50)
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Online k-PCA: Observe one example Yt at atime
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Solve for (C instead of P! Sensitivity to Learning Rate

Method n5-Scale MNIST CIFAR10
k=25 k= 10 k= 20 k=35 k=10 k= 20
| |
GD on the Stiefel Manifold S TR R S
0.1x 35.79 £ 0.38 29.78 £0.38 21.551+0.25 116.26 £2.58 66.81 £0.58 58.28 £ 0.65
. ] 10x 35.29+0.01 27.08x0.01 19.01 £0.01 &87.22+0.04 67.68x0.13 50.36=0.13
Man IfOld Of (d X k) OI’thOnOrmal matrlCeS 0.1x  35.784+0.37 29.92+0.37 21444024 116.86+2.58 66.76+0.65 57.62+0.65
Krasulina 1x 35.17+0.00 26.96£0.01 18.79+0.02 87.04Lt0.52 65.90+0.01 48.87x0.05
10x 35.30+0.01 27.09x0.01 19.024+£0.02 87.17x0.04 67.87 £0.16 50.56 £0.15
St . { C c dXx k | C T C . I } Incremental = 3526 £0.10 27.01+£0.04 18.83+0.05 87.50+0.46 65.75+0.05 48.82+0.10
(d, k) — — 1k 0.1x  39.09+0.78 30.61+048 2203+023 90.74+1.84 70.70 £2.18 54.04 +0.95
Sanger 1x 36.27+0.93 28.00x0.38 19.821+0.18 88.21 £0.81 66.84 £0.88 50.73 £ 0.62
10x 42.36 =1.62 34.48x095 25504046 99.78:3.69 77.88x2.62 60.211+1.08
- y . - 0.1x 35.17+0.01 26.96 £0.01 18.78+0.02 &87.00£0.00 65.75x0.05 48.75£0.03
Krasulina’s u pdate " uses Qr0|eCted g radient Imp. Krasulina ~ 1x  35.17+001 26.97+0.03 1877+0.02 87.014+0.00 6578 +0.09 48.74 +0.04
10x 35.17+0.01 26.98=+0.05 18.774+0.01 87.02+£0.04 6574 +0.01 48.76 £0.03
~ — A _l_
C=C-—nV gcomp(C) =C—n (C Xt — Yt) Xt Distributed Setting
Distributed Update - MNIST (k = 5) Distributed Update - MNIST (k = 20) Distributed Update - CIFAR-10 (k = 20)

where x; =C'y; and C™" = QR(G)
Oja’s update: uses unprojected gradient
C=C—nVlyu(C)=C+nywy:' C

~~

and C"" = QR(C)
Both updates are explicit!

Distributed Update - CIFAR-10 (k = 5)
0
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